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LETTER TO THE EDITOR

INC 5g levels of atomic nitrogent

Edward S Chang and Hajime Sakai
DePartmnt Of PhYsla and AstrOnomy UniversitY Of MasacUsett, Amhierst MA 01003.
USA

R27 February 1981

Abitama Energy levels and relative strengt for the 4f-Sg transition in N I are calculated in

th j1 uplngi .ms Excellent agreement is found with our interferemewtric datn, from
u-24MS50t n b~oth positions and itnidmv

Y Thi-ig levels in atoms are usually determined from measurements of the 4f-5g fines.
Spetrscoicstudies were performed on closed-core atoms such as the alkali metals

(Litzen 1970a) and on helium (Litzen 1970b). However, other atoms were not studied,
apparently because of the expected complications in the term analysis due to an open
core, and in detecting low-intensity atomic emissions among molecular bands.

In this letter, ws show that the S levels of N x (which has an open core) are
accurately described by H- coupling (i.e., in the ILKCMx scheme). This coupling ignores
the spin of the Rydborg electron and is an approximation to i-K coupling (i.e., the
jICJhf scheme) employed, for example, in Ti in (Edl6n and Svensson 1975, Goldsch-
midt 1981). The resulting simplification allows the analytic calculation of the relative
line strengths for thie 4f-5g transition. This theoretical analysis enables us to id~entify
our glow discharge interferometric data in nitrogen (mixed with helium) from 2455 to
2505 cm' as 4f-5g emission lines in N;. These atomic lines lie in the same spectral
region as the molecular W-B (4, 2) band observed by Denesch and Saum (197 1) under
different discharge conditions.

The general theory of coupling between an open core and Rydberg; electron with
high orbital angular momentum has been described by Shortley and Fried (1938) and by
Racah (1942a, b). In application to nf and ng in N it (Eriksson 1956) and to mf in the
isoelectronic 0 ai (Eriksson 1961), it was noted that the spin of the Rydberg electron s
was in effect decoupled from the rest of the system. Consequently, the system can be
described in L-S. in J-4, or generally in the intermediate coupling scheme (called pair
coupling).

To expedite the calculation of line strengths, we work efitrely in the I-i coupling
scheme. Since the electrostatic energies are usually given in a coupling scheme resulting
in total orbital angular momentum L, we apply the transformation to 1- coupling given
by

((LLJL, S.11, (L.S.)IIRI - (-I).5e8-K(1 + )(2f+ 1)112 f~ ~~}

In equation (1) L. S., and J refer respectively to the orbital, spin and total angular
momenta of the core, and I and L are the orbital angular momenta of the Rydberg
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L392 Letter to the Editor

electron and the entire atom. K.Is the invariant angular momentum, ignoring s.
Retaining only F2 of the electrostatic energids given by Racab (1942a):

-1(21-1) forL-1+1
(LSeJELS. -F2 (2p, ni) x (21- 1)(21+3) L-1 (2)

1-(1+ 1)(21+3) L-1-1

we find the energy in - coupling to be given by

E1 ., - F.(2L + 1)(2/+ 1)1 L, (LS,IL .) (3)

where

are the 6- j symbols. Using st-.ndad Racah algebra, we obtain the line strength as

S(JIK.fl'K')-Sf(2K+I2K,+I)$i I 1 (4)

whom S - (j'P') 2Rr2 are essentially the hydrogen On strengths, for a Rydberg
electron are 1n t3.

In application to N i, we have L. - S.- I for the ound core state (2p)2 3P, which
splits into j - 0,1 and 2 levels. Further splittings due to electrostatic interaction with
the 7 -L. eecatron ane obtaind frm, equaton (3). The resulfor the 41 and t S11

coufuratons an given in table 1. In addition, line strengths given by equation (4) are
shown for allowed transitions which obey A/- 0 and AK- 0 or * 1. In comparing
relative strengthas in H i, Beth and Salpeter (1957) observed that the moat intense lines

s those with An-AW--1. Out results In table 1 and the more general results in

Tdel L Theaomcsa engm m Me svont of to 41.- SS 'usidw.

S(14E /3tr)4

i g Mis At A'- t 2 3 4 5

0 3 0
4 0 1.00

1 2 6
3 -7.3 27.5 0.71 0.06 0.00
4 2.5 -38S 0.94 0.06
S. 14 .22

2 1 -12
2 -i -55 0.43 0.12 0.01
3 5.5 -3.5 0.60 0.17 0.01
4 7.3 32.3 0.82 0.16 0.01
5 -S 35 1.10 0.12
6 -28 1.44

t I "s F(2. 4d) - I.8t I.
S t id 5 .. "

2
- 4d
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Letter to the Editor L393

equation (4) enable us to extend their rule to a complex atom inf-I coupling, i.e. the
most intense lines are those with AK - An - A - -1. As expected from properties of
the 6-j symbols, the sum of the strengths for each value of i is (2/ + 1). The values of the
electrostatic interaction integrals for N i were calculated (Eriksson 1967) to be F2(2p,
40 = 1.861 cm- t and Fa(2p, 5g) - 0.086 67 cm - '. In the case of the 4f configurations,
energy levels calculated from table I may differ from the experimental values by several
cm - 1. However, for the Sg configuration F2 is substantially smaller, so our approxima-
tion can be expected to be much better as we will see.

The infrared emission data analysed in the present study were generated in a 'Pfund'
type optical cell 30 m long, and 1 m in diameter. At both ends were placed two concave
mirrors of 30 m focal length. The glow discharge was formed between the wall of the
optical cell and a 12 m long electrode placed at the central region. An AC 60 Hz voltage
of 700 V Rms was applied to activate the discharge at the rate of 200 W. The source was
a continuous flow type; a gas sample of a He-N 2 mixture was admitted at one end of the
cell and pumped out at the other end at a constant rate. The pressure inside the

Tue 2. Experimenta energy levels of the Q and the Sg configuratoms of N t.

j K 4f (ca-') 58 (cn")

0 3 110349.11
4 112834.03

2 11404.5O
3 110385.30 112385.10

A 4 110402.10 112879.38

5 112883.97
2 1 110459.76

2 11048S.98 112 960.-7
3 110498.39. 112964.9t
4 110501.72 112%97.97$
5 110473.37 112 968.38
6 112962.63

t PoslWly 112 96S.29 cm'.
* Greater uncertainty due to He t lire.

discharge chamber was maintained at approximately 0.1 Torr. The infrared radiation
was admitted to an infrared interferometer placed at the exit port of the optical cell
through a KBr lens. The experimental set-up was designed to achieve two objectives (i)
the generation of a large number of Infrared photons by forming a large glow discharge
column; and (ii) optimum spectrometric efficiency realised by using the Fourier
spectroscopy technique. The interferogram signal was detected by an InSb detector
housed in a liquid N2 Dewar. The path difference of the interferometer spectrometer
was monitored by the interference fringe signal of the HeNe cw laser line 6328 A. The
spectrum used in the present analysis was produced with a resolution of 0.12 cm-'. The
accuracy for the present line position meaqurement was consideraby hilther than that
obtained by the conventional spectrometer measurement, because each specktol line in
our measurment was directly referenced to the HeNe laer line (15798.00cm "' in
vacuum).

3
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(1)l
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2 2480 25W

1Nm 1. (a) Our beurWd specum between 2455 and 2505 cm- . (b) Theoreta
InslatmaN iamdiownu l ine mfoowM A1/ -2, - 3-3;B:j - 2,K -4-5;C:
r2 X-3$-4; D. 1-2. K.2e-3; 2: 1-1, K-23; P: /-I. K-4-S; G: 1-0.
g-34; H: j-2. -So-6; : i-1, - 3,-4. ad J: J-2, K-'-2. In order to
dlse~h dmh hokr tha N i ectrum. the folowin He tHnes me sbown a broken line.
L4f .St'O mnd4feS*-8sG;L:4d'D-Sf Fand M:4d 3D$-SfF.

Figure 1(a) shows the emiion intensity in a nitrogn-helium glow discharge. The
most intense peak centred at a, -24695 cm-" Is due to the 4f-S line of He t as its
relative value varies with the mixture ratio of He in several different runs. Note the
significant discrepancy with the previously mesured value of 2469.749 cm- (Litzen
1970b). We assign the next largest peak at 2489.26 cm - as the 4f-Sg line (j- 2,
K - 5*-6) of Nt, which b the most intense as seen in table 1. From the experimental
value of the 4 (1-2, K -5) level at 110 473.37 cm- ' labelled G(5) by Eriksson and
Jobasumon (1961), we determine the energy of the Sg (1 -2, K-6) level to be
112 962.63 cm'. Prom table 1, the rest of the SS levels can be calculated by adopting
the experimental values for the 4 levels. The resulting positions and Intensities (4 X

astrengt) we shown in figure 1(b). The striking agreement between the two sets serves
to identify the data unambiguously as the 4f-Sg transitions of N i. Simultaneously, it
verifies the validity of 1- couplng tfor both the 4f and the Sg configurations. The
theorstlai SS lels determined from table I differ from our measured values by only a
few tets of a waveam ber.

I condusion, the Sg levels of N i have been Identified for the first time and
measued to an asolute accuracy of 0.01 cm-' by infrared interferometry. The
emiss n Me intensities to the 4f levels re In excellent agreement with theory using the
H oulg SudMS. The neM exprenlon for the ine strength and the propensity
rule AX - -1 we applicabb to other Rydberg ttn In any atom provided that I a 3.
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Infrared emission spectroscopy of glow discharge formed in
low pressure atmospheric gases

H. Sakai, P. Hansen, M. Esplin, R. Johansson, M. Peltola, and J. Strong

Laboratory study was conducted on the molecular and atomic emissions which are considered detectable
in the IR radiative background of the upper atmosphere. The IR spectra of glow discharge emission formed
in air and other atmospheric constituent gases of 0.I-Torr pressure and a 30-m long column were surveyed
using the technique of Fouriers pectroscopy. -everal features hitherto unobserved were detected in our sur-
vey study.

1. Introduction The primary interest of our study was focused on the
Recently, in parallel with the advent of IR technology, region of the upper atmosphere above 60 km, where the

various study efforts on IR emission revealed the atomic pressure remains below 1 Torr. The measurement ef-
and molecular features poorly known in the past. In forts for the IR emission in the upper atmosphere were
two specific areas of the observational studies, one for summarized in a recent review article by Baker et al.1

the atmospheric interest and another for the astro- The IR emission generatel by the electrons of 20-30 eV
physics interest, the spectroscopic data of the IR exciting the atmospheric nolecules was our main study
emission are obtained for situations which were con- subject. Our basic experimental approach to the study
sidered impossible a decade ago. Most of the emission was twofold: (1) by forming a large electric glow dis-
data currently obtained in field observations are those charge column, the IR photons of various atmospheric
of a relatively low spectral resolution, causing the task species were produced in a large quantity; and (2) by
of making unambiguous identification of the spectral using Fourier multiplex spectroscopy, the efficiency of
feature found in the data rather difficult. A primary collecting the generated IR photons was optimized.2

objective in the field observation study is concerned By combining these two factors, we were able to enhance
with physical and chemical processes involved in the the detection sensitivity to such a level that only 15-min
emission mechanism. It cannot be achieved unless a observation time is required to cover the entire lnSb
proper identification can be assigned to the observed spectral range (1800-7800 cm - 1) with a spectral reso-
spectral feature. Under the circumstances where the lution of 1 cm -1 .
field data are provided with a spectral resolution in- An atomic or a molecular transition falls into the IR
sufficient for producing a clear spectral identification, range if the upper and lower state of the transition are
a laboratory spectroscopic study on the candidate separated by an IR frequency. An electric dipole
atomic and molecular IR emission provides worthwhile transition of a homonuclear diatomic molecule takes
assistance to the analysis effort. Our study effort was place from the vibrational-rotational level of an elec-
made in part to fulfill the need called for in such a cir- tronic state to another level which belongs to a different
cumstance. We collected the data on the IR emission electronic state. Since in general the stable diatomic
feature of atmospheric species, atoms, and molecules, molecules have their first electronic excited state a few
with a moderate spectral resolution using the technique electron volts above the ground state, the JR emission
of Fourier spectroscopy, and studied them. of a homonuclear diatomic molecule is produced by an

electronic transition which does not involve the ground
state. It must take place between two different elec-
tronic excited states. The IR atomic emission occurs
in a similar situation. It takes place between two ex-
cited states which are separated by the IR energy.
These two situations for the electronic transitions

The authors are with University of Massachusetts. Department f contrast to the normal R transition, which is found,; ~Ph~vitis & Astrnommy, Astrowemy Research Facility, Amherst. cnrs otenra Rtastowihi on
hMc s Atrn, str n eerhFacleither in a heteronuclear or in a polyatomic molecule.

Rceived 19 August 18i. It involves a vibrational-rotational transition within the
,o0t-.9C5/8 o. 0.oIA.oo/o. same electronic state, usually within the ground elec-
o 1912 Optical Society of America. tronic state.
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.IL Epek a S.etup

A central feature of our experimental setup is a 30-m . 0, CooA,..

long, 1-rn diam cylinder used as a container of the glow
discharge source, which is formed between a 12-m long
central electrode and the external wall as shown in Fig. ,. .,.
1. An ac 60-Hz voltage of up to 1000 V is applied be-
tween the electrodes, activating the discharge. The -' ____",,____ --
interferometer accepts the IR radiation through a KBr to'
lens placed at the exit port of the discharge source. The - Ism
interferogram signal is detected by an InSb detector
houed in a liquid nitrogen Dewar. The path difference Fa. 1. SenMa arentation of t discharge column (not to
is monitored by the interference fringe of the He-Ne cw scae). Mroms M od M g are foaued on each other, resulting in
laser line of 6328 A (air wavelength). The detector thmepes thrughthed r umn.
output is properly ac amplified, synchronously demo-
dulated, integrated, and finally converted to a digital
signal by an analog-to-digital converter, which is an electron moves parallel to the field, it gains its energy
triggered by the zero crossing position of the laser in- by e (x)E, which is calculated by
terference fringe reference signal. The digitized in- eVpo
terferogram signal is then recorded on a mass storage -(z)E =
device (a floppy disk) under the control of an LSI/11 r (In a)Nopq
minicomputer. After completion of the interferogram a

measurement, the interferogram data are postprocessed for the gas pressure p. In this expression, No is the
using our central site large-scale computer, CDC number density at the standard pressure po It is seen
CYBER system, for the Fourier transformation etc. that the excitation is the highest in the vicinity of the

The optical cell which is used to house our glow dis- electrode and that it reduces toward the outer wafl For
charge source is generally known as the Pfund cell.3  a typical example, we can assume a - 10- 16 cm 2, V -

The discharge column formed between the electrodes 1000 V, and n - NoP/Po - 7.07 X 1015 for p - 0.2 Tor.
is sen thrice along the optical path, thus forming an Thefieldatr =30cm is 13 V/cm, whilethemeanfree
equivalent 36-m long discharge column. The discharge path is -1.4 cm. The energy gain per collision in the
regionextendsonly %oftheentirecelllength, leaving ara atr - 30cm would reach 18eV - 145,000cm-'. In
% of the cell a discharge-free space. This apparent reality, the cross section u varies dependent on the
disadvantage created by the discharge-fie region is a electron energy, and the electrons may lose only a part
bleming in disguise from the experimental point of view, of their energy by the inelastic collision process.
since it prevents the mirror contamination caused by Nonetheless, the value estimated above for the excita-
the electron bombardment. tion energy agreed well with the experimental data

An important parameter which controls our glow obtained. In the glow discharge of oxygen, for example,
discharge is the excitation energy released to the atoms observed are many IR atomic oxygen lines which are
and the molecules. A rough estimate of the excitation produced in transition between two highly excited
energy can be obtained in the following way. The atomic level. By identifying the levels involved for the
electric field in the cell is given as a function o( distance observed IR atomic 01 lines, we estimated the excitation
r (measured from the center) by energy in our glow discharge generally reaching a level

LP V of 20 eV. Even though some excitations may exceed the
-() value by a substantial degree, it is safe to assume that

a majority of the IR photons observable in our experi-
ment are indeed generated in the processes which re-

w r Vquire an excitation energy of -20 eV or lees.
where V is the electric potential applied betwen the One thing noticed is that the excitation is very sen-
electrode of radius a and the wall of radius b. The sitive to the gas pressure. Once the gas pressure is
electrons pick up their energy under the applied electric above 0.5 Torr, the glow discharge which is indicative
field and lose it when they collide with a molecule or an of transitions between the electronic states is confined
atom.The lies o energy occurred m the collion turn to the vicinity of the electrodes, leaving a dark space
into the energy for exciting the collision partnes for r elsewhere. For heteronuclear diatomic molecules, the
case either molecule or atom. The energy lor sufered IR emission does not necessitate the electronic transi-
at the collision is usually resupplied between Moihi ionm. tion. An absence of the visible glow discharge does not
The mem free path (x) of the electrons, i.e., the mea eliminate a possible KR emissio. However, for hr-
distance between the successive collisions, is generally onuclear molecules, the visible glow discharge whichcharacterized by usually indicates a presence of the electronic transitions

(z) - ilun), (2) to the ground state is necessary to produce IR transi-
tion.

where n is the number density of the colliding molecules The glow discharge is run at 60-Hz ac obtained from
and a is a quantity called the collision cro section. If the ordinary 60-Hz power through a step-up trans-

If Jmy Om VoL 21. No. 2/ APLD OPICS 225
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2000 4000 6000
Fig. 2. Glow discharge spectrum of air.

former. Direct current voltages failed to produce a grating the emission intensity using the normal lock-in
stable glow discharge. The central electrode is usually technique. The formation processes of the glow dis-
water-cooled. charge by-product would be better studied by using the

The spectrum shown in Fig. 2 is a typical result pro- time-resolved spectroscopic technique.
duced by a glow discharge in 0.1 Tort of air. Identifi-
able molecular features in the spectrum are NO, N2 , CO, A. Atomic Feature

C02, N2 O, OH, NH, and NO 2. The atomic features
contain 0 and N. Each spectral feature of these species . Hydrogen
as well as of others was studied by observing the IR glow The atomic lines of hydrogen were observed in the
discharge emissions formed in various gas samples in glow discharge emission of air whenever the sample was
addition to those produced in air. Specific mixtures moist. Table I lists the atomic H lines observed in the
were selected to produce the spectral data necessary for IR. No molecular transitions of hydrogen were ob-
interpreting those features observable in the air dis- served in the IR, even though several known excited
charge. electronic states of H 2 are spaced by the IR frequencies.

The atomic hydrogen may have been easily formed
II. Emission Spectra of Various Atmospheric because of a low dissociation energy at the ground state
Species (X1TZ ).s

The spectrum shown in Fig. 2 was taken with a reso- The glow discharge emissions were to a great extent
lution of-'1.0 cm- 1. A feature observable between 2000 affected by admission of hydrogen into the gas sample.
and 2400 cm-t consists of CO, N20, C02, and possibly There were two notable effects observed in the dis-
others. The vibrational fundamental (Av = 1) of the charge emission: suppression of the CO vibrational
NO ground state is observable in 1800 cm -1 , the lowest fundamental which would otherwise accompany as a
frequency range covered by the InSb detector. A fea- parasitic emission; formation of two hydrides, OH and
ture which appears as a group of lines at 2500 cm - 1 NH.
consists of many atomic lines.4 The transition fre- 2. Oxygen
quency of 2470 cm-I corresponds approximately to the
energy difference between n - 4 and n - 5 orbit of the The atomic lines of oxygen were observed over a wide
hydrogenlike atoms. Consequently, all atoms con- spectral range. The line position is listed in Table 1I.
tained in the gas samples would emit IR lines in a con- It is similar to the hydrogen case where no molecular
fined spectral region centered at 2470 cm- 1 . We found transitions were observed. The lot dissociation energy

atomic lines of H, N, 0, and He in this region. The of the 02 ground state (X 9Z) contributes to the for-
features observable between 2500 and 4000 cm - 1 are of mation of the atomic oxygen in the glow discharge.7

N2, NH, OH, and NO2 . The features above 5000 cm-  The recent data compiled for the atomic IR lines by
are predominantly those of the N2 first positive band
(Rir,,-A 3Zu).6 In addition to these molecular features,
various atomic lines of H, 0, and N spread over the en-
tire lnSb region. Table L Observ Atomic Hyodrgn UM (a-')

The following description provides a survey of the
spectral features produced by various atmospheric In =I An - ' .n = :i An =

species. As mentioned above, the glow discharge 2

formed several molecular products which were not 3 5.331.55 7799.-xJ
found in the original gas samples. The present paper 4 2467.75 3108.25 10l6.13
will not discuss the formation mechanism of these 214M.751 24173.:39I :03:14 5

prstucls. All the measurements were done in inte- 6
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Fig. 3. Glow discharge spectrum of 02.

Outred 4 do not contain the oxygen lines below 3819 estimate made on the electron energy available fo- the
cm 1. Figure 3 shows the glow discharge emission excitation agrees with the excitation energy measured
spectrum of the oxygen gas. from the observed atomic oxygen lines.

Figure 4 is a sketch showing the atomic oxygen (01)
energy levels" together with the IR lines observed in our 3. Nitrogen

measurement. The energy of these levels is referenced The IR emission from the nitrogen gas contains few
to the ground state of atomic oxygen (1S) 2(2S)2(2p)4  atomic nitrogen lines. The data compiled by Outred4

3P2, which is located at -40,000 cm- 1 above the mo- contain no NI lines below 5000 cm - 1. The feature at
lecular 02 ground state X3Z. As mentioned above, the 2470 cm- 1 consists of many lines, as listed in Table III,

with their transition identification.9 Figure 5 shows the
TAWLe ,. Oseemd AssuOetawse atomic NI emission at 2470 cm -1 .

(cm- ) Transition

7593.7 4 3S'-3pSP 3 p3D 3 3
6289.5 5d&D-4p4P S I
5546.9 4s'F-3dD -110000 CM*

1

5479.4 4/3F-3 3D, a.--7 - r-
3918.9 6f6F-4dsD o 7 7

3819.9 ass.-spsP
3819.9 6g3 -4PF
3770.7 4d5D-4psP " 4 -

3617.2 4psP-4$S
3455.4 4p 3P-4S-1
3226.9 daD..4pSP 40000 •
3021.9 5s'S-4p5 P
2731.0 538"-4p 2P 32575.7 5f F-4d DO 4

2532.7 WPF-4dD 4
2477.3 5gf5 .-4f5F
2192.1 4P-3da-I
2154.6 7gC-5f5F
2150.5 7/F-i#G - 90000

Table M. Cbs, d Linme , CbuN.d snd Caauided N ofs a3
M Tranmas butween (1P)&g and ('P)41 Cous.m

Position Relative intensity
*K" K (cr-m) Observed ulated

0 4 3 2484.9 1.0 1.0
I 3 2 2480.6 0.8 0.7 - 80000

4 3 2494.1 1.0 0.9
5 4 2481.9 1.3 1.2

2 2 I 25 . 0.5 0.4 3
:3 2 2479.0 0.6 0.0
4 3 2409.6 2.7 0.8
5 4 24613.7 1.3 1.1 3-
6 5 248.3 1.4 Fig. 4. Energy level diagram of atomic O indicating olmerved

@ Blended with He i line. transitions.
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i~dI 0
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" _

Fig. & (a) Our observed spectrum between 2455 OWd 2506 cm-1; (b) I
theoretical intensities of NI are shown as full lines as follows. (a) j 1

" -- I

2,K -3 -3; (b)j 2. K4 - 5;(c) j 2. K3 - 4;(d) jn2,K

0o

2 -3; () j -1,K 2 -3; (f)j - , K 4 -5; (g)j -0. K 3- '

4;lh)j2,K-5-6;(i)j1I,K-3-4;(j)j-2,K-1-2. To s9 0

:0 o

distinguish them from the N1 spectrum, the following ie i lines are 0 .
shown as broken lines: (k) 4f'F - 5g'G and 4fF5 3 G,; (1)4d'D 0

. 5f'F; (in) 4d3D - F. -

B. Molecular Feature

1. Nitrogen
The N 2 infrared emission feature fills almost the

entire InSb region from 2500to-78002cm-. Thereoare 0

three distinctive N., electronic transitions observable 0
in the IR (see Figs. 6 and 7)F5 Various vibrational
progressions of the first positive band, B3 7r.-A 31-, are
observable over a wide spectral range. The emission
spectrum of the N2/He glow discharge is shown in Fig.
8 to illustrate the band formations. The band centers z

of A infr, which are indicated in the figure, are
listed in Table TV. In contrast to the first positive band,
the other two electronic transitions, the WuBenesch o '0
band W:I B(se (Ref. 11) and the McFarlane band .0
w 'A~-al 1 , 2 do not form a well-recognizable vibra--
tional progression. The only observable transition for
the Wab 3 r band is formed at the 3000-cm- re-
gion. The wA.-a 17., band is only observable in the
2750-cm' region where the Wu-Benesch (3-1) band Z
should be found. In the 2470-cmf region where the
Wu-Benesch band should be found, the emission fern-
ture consisting of a group of the atomic nitrogen lines
is observed. 0

The excitation of the first positive band B~r -A 3 2-
is found to be strongly influenced by the discharge

232 APPLD OPT /Va. 21. No.2/ 1l5 Jnsitoy 1982

theW:Slu-' x hnd s frmd a th 300-m -tre-11
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27.5.cm

I
reionwher th Wu-enech (-1)ban
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Fig. 7. Spectrum of the wnA - alir (0-0) transition.

'"I' ' ' " I '" I I I

2000 4000 6000

Frequency cm4

Fig 8. Glow discharpe spectrumofair mized with H2. Mixtureratio: air.3and H2 . 1.

Tabei. sgpem,:ec oe lameeels mi, ide IZ) transition. We were able to determine the spectro-
fen-'9 scopic parameters of this band and found them in good

agreement with those determined from the UV spectral
S77.40 data.

wy, -0.14 2. OH
R. 16.874
a, o.ao It was found that enhancement of the hydride emis-
D. 17.6 x 10-' sion, OH and NH, accompanied an increase of the
0 -0.41 X 10-' moisture in the sample air. The spectrum shown in Fig.
Ale 0.911
Xs -0.013 8 is the glow discharge emission formed in the air mixed
-to' -0.06 with hydrogen. Our experiments indicate that these
*fib 0.007 hydrides are formed with the presence of hydrogen,

A A- + Air. either atomic or molecular. The presence of H20 does
=  "re + ,. not seem to he required for the formation of the hy-

drides. The infrared OH band was thoroughly studied
condititm; its intensity varies over a large range from an by Maillard et al.13 Our measurement of the OH line
undetectably weak level to an extremely strong level, position agrees well with them.
The other two bands which are sen in the low fre-
quency region remained consistently strong. The 3. NH
characteristics of both bands, one at 2740 cm-1 and A unique feature discovered in our study is the vi.
another at :1000 cm-', remain consistent; a singlet bratlonal fundamental transition of the NH free radical
structure was observed for the 2740-cm-' band shown in ita electronic ground state (ZI. The NH linm were
in Fig. 7 and a triplet structure of the 300-em-' band. observed in the discharge formed in air. It was gener-
The 2740-cm-' band was identified as the w A.-a tIr. ally considered that the decomposition process NH, -.
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Fig. 9. infrared spectrum of NH (31); Spectral resolution 0.12 cm-1.

NH2 - NH, is the feasible generation mechanism for Reobrences
this free radical. However, the spectra taken with the
air/H2 mixture showed not only a predicted increase in
the OH band but also a striking enlargement in the NH
bands. A presence of NH in the glow discharge emis-
sion found in the air/H2 or N2/H, mixture indicates that I. D. Baker. A. Steed, and A. T. Stair, Jr., Appi. Opt 2k1734
the recombination process is undoubtedly responsible (1981).
for NH formation in these gas samples. -2. G. Vanasme and H. Saw, "Fourier Spectroscopy," in Prugress

The vibrational-rotational transition of NH exhibits in OPtic. Vol. 6, L. Wolf, Ed. (North-Holland, Amsoterdam.
a more complex structure than that of the singlet. The 1967).
NH spectrum in Fig. 9 was taken with a resolution of 0.1 3. D. J. Lovell and J. Strong, Appl. Opt 5.167311969).
cin-, which was adequate for spectral analysis.14  4. The moat recent data compilation for IR atomic lines by NI.

Tabl IVliss te sectoscoic onsant, wichare Outred. J. Chem Phys. Ref. Data 7, 1 (197) contains no data on
Table ~ ~ ~ ~ ~ ~ ~ ~ ~ ths atoV litlh pcrsoi ontns hc r ines.

more accurate than those previously measured using the 5. Comprehensive data for N2 are compiled by A. Lofthus and P.
UV data. 15 H. Krupenle, J. Chain. Phys. Ref. Data g.,113 (1977).

4. NO6. For the recent energy data compilation. see N. Mirushima, Thep
4. NOTheory al Rotational Diatonuc Molecule, (Wiley. New York,

The NO band was seen in the air discharge shown in 1975).
Fig. 2. A complementary relation was observed be- 7, P. H. Kruponle. J. Chem. Phys. Ref. Data 1. 42.1(1972).
tween the intensity of the NO and the NH bands. With 8. C. K Momr, NSROS.NRS 3, Sec. 7 (U.S. GPO, Washington.
introduction of extra hydrogen to the discharge gas, a D.C., 1976).
weakening of the NO band was observed with an en- 9. F.S. Chang and H. Sakai, J. Phys. B 14, L391 (1981),.
hancement of the NH band)16  10. G. H. Dieke and D. F. Heath. Johns Hopkins Spectroscopic Re-

port Johns Hopkins U., Baltimore 11959); C. Effantan etat, ..
IV. Molecular Emissin In #we 2000-2400-cm 1- Mol. Spectroec. 76,221 (1979).

Region11. W. Benesch and K. Sawn, J. Phys. B 4,732 (1971); C. EffantinRegion et at.. J. Mol. Spectroec. 76,204 (1979): M. Corny et at.. J. Mol.
The feature observed between 2000 and 2400 cm- 1  Spectroec. $1, 216 (1980).

is composed of several bands, the CO fundamental, the 12. &. A. McFarlane. Phys. Rev. 146,37 (196).
NgO AP -1I transition,17 the C02 Av 3 - I transition, 13. J. P. Maillard. J. Chanville, and A. W. Mantz, J. Mol. Spectroec.
and possibly others. The intensity pattern was found 43.12000976).
critically influenced by the discharge condition. The 14. P. Hansen. M. Esplin, and H. Sakai, "Infred Emission of the

mostperistnt eatre s te, 3 ranitin o N2 . Fl.4 NH Fundamental," paper presented at Symposium on Molecular
exctaio ofth C2 bndisaffected by the presence Spectroscopy. Ohio State U.. June 1979.

of N2. In our glow discharge condition, an exact nature I& d HLND. ene, J1 e. Phy. 71119) .Mlzt .Bi
of the correlation between the CO% and the N2 excitation M16I. Hansen cea. Chem. Phys. Lowa 42,370(1976s; J. mumhil et
is unclear. A detailed study of the emission in this re- at., Chemn. Phys. Lett. 35.3:27 (1976).
gion requires a spectral resolution better than 0.1 cm-t , 17. C. Amitt Dissertation, M'niversit& Pierre et Maria Curia
which is the limit of our experiment. 171
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A NEW ROTATION-VIBRATION HAMILTONIAN

L.S. Mayants

Abstract

The conventional, rather tangled rotation-vibration Hamiltonian,

whose coefficients are expressed in terms of normal coordinates, is shown

to be appropriate only for small enough atomic displacements. A new,

exact rotation-vibration Hamiltonian is obtained in an explicit form,

whose coefficients can be expressed in terms of Cartesian components of

the atomic displacements. The method used for the construction of this

Hamiltonian is: (1) calculation of the matrix of derivatives of the set

of atomic Cartesian coordinates in the initial rest coordinate system with

respect to the set of coordinates describing separately translational,

rotational, and internal motions of a molecule; (2) construction of the

inverse matrix; (3) calculation of the kinetic part K' of the rotation-

vibration Hamiltonian; (4) similarity transformation of K' by making use

of the Jacobian of the initial coordinates with respect to the new ones,

which cancels the terms linear in momenta canonically conjugate to the

internal coordinates; (5) obtaining the final form of the Hamiltonian.

The new Hamiltonian allows one to represent it easily in the form of the

corresponding differential operator, which opens the door also to the

utilization of methods of approximate computation of rotation-vibration

spectra other than the perturbation one. It is proven, by the way, that

the supposition of the existence of an equilibrium configuration of a

molecule is quite enough for constructing the Hamiltonian, Eckart's

conditions turning out to be not only approximate, but also unnecessary.
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The new rotation-vibration Hamiltonian can prove to be of special importance

for computation of molecular spectra in the case of large rotation or

vibration quantum numbers, in particular for computation of spectra of

molecules near their dissociative limits.

1. Introduction

A rotation-vibration Hamiltonian was introduced for the first time by

Wilson and Howard,
1 and modified somewhat later by Darling and Dennison.

2

Its general form was considerably simplified by Watson. 3 Nevertheless, the

conventional Hamiltonian still remains rather tangled. The fact that its

coefficients are expressed in terms of normal coordinates, the atomic dis-

placements being supposed to be linear combinations of those, makes the

Hamiltonian approximate, because in the general case the supposition

mentioned cannot hold. Besides, the same fact leads to certain difficulties

in the practical utilization of the Hamiltonian, in particular since its

coefficients are implicit functions of the force coefficients and should be

changed in the process of computation of spectra, if the potential energy

is improved.

The methods of the numerical computation of the rotation-vibration

spectra based on the conventional Hamiltonian can apparently be only various

versions of the perturbation method. These versions usually utilize up to

the sixth order approximations of that method. In the meantime, the

resolution of rotation-vibration spectra has been greatly increased due to

the development of technique of infrared molecular spectroscopy. And even

though the conventional methods of computation proved apparently to work

sufficiently pood in many cases, they are not ccurate enough

. .. . . .. . . . . . .... . .1 6
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for the computation of the spectra in the case of rather large rotation or

vibration quantum numbers.

Thus the accuracy of the computation of the rotation-vibration spectra

turned out to fall behind the accuracy of the contemporary experimental

data. This fact requires increasing the accuracy of the computation of the

spectra. But the higher the accuracy required, the higher should be the

order of the perturbation method approximation to be employed. And this

leads, in turn, to more and more complicated computations. Besides,

appearance of even an approximate occasional degeneracy in the energy levels

causes the necessity of utilizing some special computational methods. And

all the difficulties cannot be overcome when using the conven-

tional Hamiltonian, the more so because this Hamiltonian is not quite

accurate by itself.

Under the circumstances, it seems interesting to try to obtain a

rotation-vibration Hamiltonian in explicit form and expressed in terms of

Cartesian displacements of atoms, which would make it generally valid. The

aim of this article is to show how this task was accomplished.

In order to obtain the Hamiltonian needed it was necessary to give up

the well known coon way of obtaining a Hamiltonian in coordinates other

than Cartesian ones, and to try a different method. The method used is the

direct representation of the Hamiltonian originally written down in

Cartesian coordinates, in the coordinates describing the translational,

rotational, and internal motions of a molecule, separately.

In any coordinates, the Hamiltonian has the form

H a K + V (I)

where K is the kinetic and V is the potential part of the Hamiltonian.

17



Certainly, only K should be considered, since V does not need any trans-

format ion.

In the initial rest coordinate systam (laboratory system) the

differential operator K has the form

n . (i) I )

i-i

Here

(i) -I) ax 3= 3z I" = oi' 3N ' 3Zic3

ri) = z1,yizi} is the radius vector of ith atom; a, - r,') (a-x,y,z) is

the ath Cartesian coordinate of ith atom; e is the inverse mass of
oftf

ith atom; and n is the number of atoms in a molecule.

We choose the new coordinates as follovs: RO R, YO - RO, and

ZO a RO are the Cartesian coordinates of the center of mass of the molecule

in the initial rest coordinate system; * * fl1 , 8 Q2 1 and X 3 are

Euler's angles determining the spatial orientation of the molecule equi-

librium configuration and, hence, the spatial orientation of the rotating

coordinate system rigidly attached to it; qj (J-l,2,...4) are some indepen-

dent internal coordinates describing a deformation of the molecule relative

to its equilibrium configuration, and N a 3n-6 is the number of these

5coordinates.

In the chosen new coordinates, Eq. (3) yields

i -IOR+ li .j iJaqa * 3 3 :

7.

18



By introducing

ara a

we get from Eqs. (3) and (4)

p) EV P + a + viqjlj. (6)

(From now on we will widely use matrix calculus. We will use the same

notation a = (al,a,2 ,... ,a,) for both the vector a with components i, and

the column matrix a with elements a9 (Jul,2,... ,t). A row matrix b with

elements (Jl, 2,...,k) will be written as b II 1blbe...bkII. will

denote the matrix transposed toZ. The sane notation will apply to block

matrices. E will denote an n by n unit matrix.)
n ft

It only remains now to find all the ViR* VR
0  

J and Vqsand to

substitute them in Eq. (6), and then to replace the p(i) in Eq. (2) by

making use of the results obtained. It is very simple to calculate V RO.

Indeed, by definition

- Em j()(T)ii

where @ is the radius vector of the center of mass of the molecule and

M - r mi is the total mass of It. Therefore
i

:i~i i  °- M~ x~i(8)
V WO E~m

where E3 is a 3 by 3 unit matrix.

But it is not so simple to find VIA (Jl,2,3) and Viq j (JIl, ,...

because it is impossible to represent #, 0, X, and all the qj as explicit

functions of the x1 , yi' and z, (iil,2,...,n). To find these quantities,

we calculate, first, the 3n by 3n matrix L

19
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1) 1 - - (9)'7 q;)ri) ar~ )I r )

where

h o I Rd,. Rt
-. . *,0, ..,A. z: . 4ViI (10)

S0. n

34 3

D 1.

from vhich ve can obviously get all the quantities we need, since

~RO- as' q (12)

a. a"

The purely analytical calculation of matrix D is given in 12. The

construction of matrix D71 , by making use of some important relations

concerning the theory of sall molecular vibrations, is presented in 593-5.

In 116-8, the kinetic part, K, of the rotation-vibration Hamiltonian is

constructed in terms of angular and vibrational angular momenta operators.

Since K' contains terms linear in P , which do not disappear in the zero

approximation, an appropriate similarity transformation of that cancelin"

those terms is performed and the final rotation-vibration Hamiltonian is

calculated in 119-10. In the calculation, general formulas for commutators

of functions of more than one pair of canonically conjugate operators are

used.

20
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2. Calculation of Matrix D

The transformation of any vector a given in the rest coordinate system

into the corresponding vector a' in the rotating coordinate system is of

the form
6

a' A a (13)
0

where A(a) is the orthogonal matrix
7

0

cos~cosx- sin~cosesinX sin~cosX + cos~cosesinx sinesinx1

AM. .(cossinx+sincosOcosx) -sinsinX + cos~cosecosx sinecosx. (14)
0

sin~sine -cos~sine cose

Since A( 2) - I = A(n), the radius vectors r(i) and r of ith atom in
0 0 -

the rest and rotating coordinate systems, respectively, are related by
( ) .1o +0 n ) ( ) (15 )

The 3n Cartesian components 6mi(i=l,2,...,n; anx,y,z), in the rotating

coordinate system, of the atomic displacement vectors

6r(t r (), (16)

are generally nonlinear functions of any internal coordinates qj [ (i) is

the equilibrium radius vector of ith atom in the rotating coordinate system].

In virtue of Eq. (7), the equation
:. ;~( i), ('

Im r =0 (17)
Ii

is valid for any arbitrary 8 ;(i). At the same time, the well known

equation

Emi(R(i)6 - (i)6Q0 ) = 0 (a#0; a,u-x,y,z) (18)
i a

Is valid only for small enough r( . This statement will be proven in

Section 4.

From Eq. (15) we get

21

_____________________



( 3  (19)

- u ZQ- o l I ;..L. rt 1 -2 -r (20)
a4 as I ax

M M(0 IIa~~armi' ~ 1
or X lO)qj 3rq # aq (21)

1%a 3* a 3 %

Simple calculations yield

- j(D) (-. sinesi,X - arisecosx - a cose)

a# 0 xy

00 10)o (-a cosx + Gysix) (22)

(s 0

ax 0 z

where the matrices

000 -0 0 1 0

ax - 0 0 1 1 1 00 0 ; " -100 (23)

0-10 1 0 0 00 0

are closely related to infinitesimal rotations around the axes X', Y', and

Z' of the rotating coordinate system, respectively.
8

Eq. (20), in viev of Eq. (22), takes on the torm

(Q o) W , 0(n)
0 A. (24)
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x y z

o , (25)
!i -yi

I I

-z i 0 xIi i

Yi-Xi 0

and

-sinesinx -cosx 0

C )  -sinecosx sinx 0 (26)

-cose 0 -1

The upper parenthetic index "r" indicates that A(r)l is related to rota-

tions; the columns of this matrix being the "modes" of small rotations of

the vector r around the respective axes X', Y', and Z' of the rotating

coordinate system. 8

In Eq. (21), we can make use of the relation

aqr = Aij (27)

where Aij is a one by three column matrix whose elements are determined by

the choice of internal coordinates, the geometry of the equilibrium con-

figuration of the molecule, and masses of its atoms. We obtain thereby

-- A-l At2  " A " Ail "o(fl)A. (28)
o I a 0 *

I wecan ewrie (r)'
We can rewrite A in Eq. (25), in view of Eq. (16), as

A(r)' A(r) + A(r) (29)

where
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Air) W aI VR R Mi)

0 R ) R(i) (30)
z y

-R(
1 ) 0 R (i)

z x

R ) -F(M 0

y x

and

6A (r)= -6r(i) o6r z(i 6r
X y Dz

0 6z-i -6y1

= -6Z 0 x (31)

6yi -6x I  0

The columns of the composite matrix

A (r), Ai (r) , (A (r) ...,A , (r ), ... "" (r)) (32)

represent the modes of small rotations of the equilibrium configuration of the

molecule around the respective axes in the rotating coordinate system.
9

We will also utilize the composite matrix

A-a' IAiJ - (Al,...,Ai,...,.An). (33)

We can now rewrite matrix D as given in Eq. (9) in the form

D': W()A(r)'c( .) (()A3.)

Here
!E3  (E 3.., E3,..,E3 (35)

is the 3n by 3n diagonal matrix of the form

24
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J1 (36)

and A(r)' is obtained from A(r) by substitution of r(i) for R(i); thus, in

view of Eq. (29),

(r)' Cr) Ar) (37)
A =A + 6A (7

where SA(r ) is composed of SA(r ) in the same way as A 
(r) of A(r)

1

Let us note, by the way, that the columns of the matrix E' represent the

modes of the translations of the molecules as a single whole in the initial

rest coordinate system.

3. Construction of the Matrix D
-1

To construct the matrix D-1 as given in Eq. (11), we will make use of

the obvious relation

D-1D = E 3n (38)

The submatrices of D-1 should obviously obey the equations

hOE3 = E3  (39a)

(r)'c() E3  (39b)

= EN (39c)

=° (Q)A(r)'C(Q) - 0 (39d)

hR°(Q)A = 0 (39e)

n .-0 (39f)
3

V(n)A 0 (39g)

VqE3 - 0 (39h)

VqI(n)A(r)'c() - 0 (39)

From Eq. (8) we imnediately obtain
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R° - M- m (hO)
3m

where

and it remains only to find h and Wq. In order to perform this task, we will

use some relations concerning the theory of small molecular vibrations.

4. Some Necessary Relations

Let 6r W (6r(l),... ,6r i),..., 6r(n)) be the column matrix representing

the totality of infinitesimal changes in Cartesian coordinates of an n atomic
molecule in the initial rest coordinate system; 6r(i ) . (6xidyi,6zi ) being

the one by three column matrix related to ith atom. Let, further, q(c) =(09
q(r ,) th-opeesto oriae
q q) be the colun matrix representing the complete set of coordinates

Wt (r)describing separately translations, qt, rotations, qr, and internal

motions, q, of the molecule. Then the relation of 6r to q(c) can be repre-

sented in the two following forms

6r - A(C)q(c) (42) I
q(c) =B(c) 6r, (43)

the condition

B(c)A(c) a E3n (4)

having to be satisfied. In accordance with the form of q(c), we rewrite

A(c) and B(c) as

A(c) . IIA(t) A. Al 15)

B(c) = (B t),B(r),E). (46)

Equations (42) and (43), in view of Eqs. (45) and (46), respectively,

yield
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6r A( q(t) + A(r)q(r) + Aq (47)

and

q(t) . B(t) r (48a)

q(r) = B (r) r (48b)

q - BSr. (48c)

It follows from Eq. (44) that

B(r)A(r) . E3  (49b)

BArz= (49c)

B(t)A (r) . 0 (49d)

B(OA M 0 (49e)

B(r)A(t) = 0 (49f)

B (r)A z 0 (49g)

BA(t) = 0 (49h)

BA(r) = 0 (49i)

From Eq. (47) we get

a6r (t) 3Sr (r) 36r
T .A ; ;-7-TAA. (50)

aq 3q C

By comparing this with Eqs. (19), (24), and (28), respectively, we find, in

view of the fact that for the case under consideration E
o 39

(t)A =E 3  (51)

while matrices A and A are those given in Eqs. (32) and (33), respectively.

The matrix B is the well known matrix used in calculations of molecular

vibrations. Its elements can be easily found and depend only on the choice

of internal coordinates and the geometry of the molecule.1 0- 12 To find of
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wht.. a I',rM tt',: Iwltricv.-i B antd B , B we will make use ut" the equation

T(c) -. (c)mA(c) (52)

-which connects the kinetic energy matrix m (see Eq. (41)] in the 6r coordi-

nates with the total kinetic energy matrix T(c) in the q(C) coordinates. In

the case under consideration, translations, rotations, and internal motions

of a molecule are fully separated, and we can represent T(c), in accordance

with the form of q as

T(t) 0 0

T ( )  0 T(r) 0 (53)

0 0 T

where T(t) T(r), and T are the kinetic energy matrices for the translations,

rotations, and internal motions, respectively.

From Eq. (52) we get, in view of Zq. (44),
B (c) - T(e)'l1(c)'s. (54)

Equation (54) yields, in view of Eqs. (45) and (46),

B(t) . G(t)k(t)m (55a)

B(r) . o(r)W(r), (55b)

B WIB...3...B II mGl (55c)

where

G(t) - T(t)l; G(r) . T(r)-l 0 a T - 1 .  (56)

Comparing Eqs. (52) and (53), we find, in view of Eq. (51), and Eqs. (32)

and (30), respectively,

ii T: (t) ='E Ens E HE3 O3 (T)

and
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T(r) W(r).A(r) a (rl)A(r)

I M XY xz (58)

xY yy yz

-Ixz -Iyz  Izz

where

I I + I (0000y); I mR(1)2 (i)E RM (COO)(5a

Hence

G(t) - 3  (59)

(r ) . I-  (59b)

(I is known to be the moment of inertia matrix. G is the vell known matrix

used in calculations of molecular vibrations, vhose elements for a nuaber of

internal coordinates are tabulated in some works. 1 0 - 1 2

Thus ye finally find
B(t) -

B (r) . i-lk(r), (60b)

We will also need the equation1 3

A - gBT (61)

following imediately from Eq. (55c), where

U:m1 -(62)

and the equation

BC-G a jg 0 (63)

vhich results from Eqn. (61) and (49c).
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We can nov easily see that Eq. (49f) is a corollary of Eq. (49d), and

Eq. (49h) is that of Eq. ( 4e); both pairs of equations reflecting the law of

conservation of the center of mass of the molecule. Eq. (491) is the

corollary of Eq. (49g) and both can be rewritten, in viev of Eqs. (32) and

(30), as a set of equations

o(b R I) - 0 (a,Bx,y,z) (614a)

or

Em (i)(i) (i)a(i) - 0 (a,8-x,y,z) (64b)
i "a o n a J

where b(i) is an element of the matrix B and a~i is the corresponding

element of the matrix A; the upper parenthetic index I numbering the atoms,

the lower index j numbering the internal coordinates, and the index a

referring to the ath Cartesian coordinate of an atom.

Equation (18) results from Eq. (64b), provided Eq. (1 7) is valid, But

Eq. (147) cannot generally hold for any dr()-it should be valid, generally

speaking, only for small enough dr (i) that can be represented as linear

functions of any internal coordinates q,. And it is precisely this fact

which proves the statement following after Eq. (18).

Equation (64) should, in turn, be valid for any arbitrary choice of

internal coordinates q,, which is possible only because the matrices B and

B', respectively, A and A' for the corresponding different sets of coordi-

nates q and q' are related by a linear transformation. Hence, the fulfill-

ment of q. ( 6 4 a) for all the matrices B follows from their fulfillment for

any of them. Matrix B has the simplest form when small changes in the

distances between pairs of atom are chosen as internal coordinates. In

3o

t . . . . . . . . . . . . . . . . . . . . .. . . .



* _:- _ w- . I-| I

this case the internal coordinates qtt' corresponding to the pair of ith and

i'th atoms has nothing to do with all the other atoms, and, therefore, all

the elements of the respective row of matrix B are zeros, except for those

referring to ith and i'th atoms, which arel  (up to a sign) (Rt) - R t))lii,

and (il) Mei) 1
a Ra )i , , respectively, where li, is the equilibrium distance

between ith and i'th atoms. Substituting this in Eq. (6 4a), we get

identically

(R i) R(i') )"(i)(R (1)-R(i,))R(i)+(R(i')-R(i))R il)-(R~i')-R (i))R(i')=Oa  n ',- (65) i
a a 0 B 0 a U

Thus, Eq. (64b) for any choice of internal coordinates follows directly

from the identity represented by Eq. (65). But this means that, in

distinction to Eqs. (49d) and (49e), Eq. (49g) does not reflect any physical

law. On the contrary, Eq. (18), which can be interpreted as the equality of

the angular momentum corresponding to small deformations of a molecule to

zero, results in the last analysis from the mathematical identity (65). And

this fact eliminates all the difficulties related to the problem of choosing

the rotating coordinate system.
15

5. Construction of Matrix D-1 (continued)

It is obvious that hR as given in Eq. (40) coincides with B W as

given in Eq. (6 0a). Therefore, Eqs. (39a), (39d), and (39e), in view of

Eqs. (49a), (149d), and (49e), are satisfied (the comeutativity of NO with

is to be taken into consideration). In order that matrix Q satisfy

Eqs. (39f) and (39g) it should, in view of Eqs. (51), (49f), (49g), and

(60b), have the form

(66)
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where C' is a 3 by 3 matrix determined by the condition

C'k(r)M(r)'C(l) " E3  (67)

which follows from Yq. (39b). Siple calculations give

xx yx IZx
(~A~) - I' "I Iy - y(8

-Ixz -Iyz  I:.

where

I Em (R 0 + i -i) () (69)
i(4000y)

(0, 0, y is any of x, y, z). Therefore

C, C(a)G (r ) '  (TO)

where

_ sinL coux

sinS sine

C(")' =C(a)- -cosx sInx 0 (71a)

uinxctgo cosxctgo -1

and W takes on the final form

CMn =c)o (r)'j(r).A(n).  M7)

If we choose Wq - BA( , then Xqs. (39c) and (39h) would be satisfied,

because of Eqs. (49c) and (49h). But Eq. (391)vill not be fulfilled, since,

in view of Eqs. (37) and (49i),

(r)' 5A)C ( ) ' O. (73)
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In order not to disturb the fulfillment of Eq.. (39c) and (39h), and to ensure

the satitfiability of Eq. (391), we should choose q in the form

Wq - (B - xG(r) 'j(r)m )A(A
)  (74)

where

is an N by 3 matrix determined by the obvious conditions

RA(r )' .SMG(r)1j(r)A(r) '.  (76)

This gives for K, in view of Eqs. (68) and (Tb),

K - BA(r)' . BdA(r) .  (77)

Hence, the final expression for q is as given in Eq. (74).

6. Construction of the Operator K in the Nev Coordinates

From Eqs. (40), (72), and (74) we get, respectively,

ViWo tmE3  (78)

) Ar)(r)b(r)'(
V q ' -i-imj 1 (80)

This gives, in view of Eq. (6),

p(i) - 1-lmiPO + k )m~ A ) ()(f)hE- ) + J) r (81)

where

P 0. (P,P0 ,P*); Bit 1ILI) Pm (P1... P ...'P. (82)

Upon introducing Eq. (81) into Eq. (2), we will generally get terms both

quadratic and linear in Po, 11, and P. In calculation we viii use the matrix

representation of the scalar product of vectors, namely,

(a,b) - b. (83)
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It is easy to see nov thaL no terms linear in any P, It or P3 can be due to

the term in p(i) because all the terms in p(i) are independent of R° .

On the other hand, the only nonvanishing quadratic term originating from

M aIP0 is, in view of Eq. (40),

KO Oc ROV OP0 - I(p02 + p02 + p 0 2 ) (834)
S2 1 ii iW 2 x y z

which is of no interest, since it refers to translations [other quadratic terms

containing P0 vanish due to Eqs. (39f) and (39h)]. Thus we should deal only

with

* -- =1 K Z (p) UP ,p ) (85)

where

+ ~ (86)

T. Introduction of the Annular um and "ibrtiopal An ar Momentum"

Operators

We will, first, consider the operators for the angular momentum components.

The operator M. for ath component of that in a rest coordinate system has the

well known form

(87)

(a, B, and y take on any of the values x, y, or a in the indicated succession).

By making use of the matrices a as given in Eq. (23), we can rewrite Eq. (87)

as

1)Er COi)P i) (88)

For the components of the angular mommntum along the axes of the rotating

coordinate system, we should substitute in 1q. (88) r) for ) and
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A( 0 for p , thus obtaining0P

N' UI aA0 (89)

Since r(a)cgs in view of Eq. (25), is ath row of matrix 1r), we get from

Eq. (89)

N - W (r)'A (a) () (90)• i i •090

This gives, because of Eqs. (391), (81), and (68),

M s X(r)'MA(r)a(r]' (n)ln = (n)'n. (91)

Besides, we can introduce, in view of Eqs. (55c) and (77),

V . X(r)'b = J(r)'Gp = ̂ . (92)

By comparing this with Eq. (91), we see that V has the meaning of the operator

of the angular momentum corresponding to the Internal motions of a molecule,

and it is known to be called the operator of the "vibrational angular

momentum."

Equations (91) and (92) allow us to rewrite Eq. (86) as

p(=)' W(G)m A(r).(r)'( ) + 1(0)? P (93)

0 ii1 0 i

and

-' (I2 ),,+A(r)(r)' - j(D)W,. (93a)

8. Calculation of the Operator K'

When calculating the RS of Eq. (85) we get terms both quadratic and

linear in N-u and P. The former ones are obtained from p'cp', yielding, in
. view of Eqs. (93a), (491), (58). and (63),

ps EYMO(NC-U)(MO-U6) +. tly,(934)
cz,B j1,t

where y are the elements of the matrix
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r - G r)'1 ,(r)' (95)

To get the terms of K' linear in M-t and P it is convenient to keep the

form of p(i) in Eq. (85) at right from coma as given in Eq. (93), and at left

from comIa to use

PM I' - _ EV n .. + EViqj..L). (96)i o- Ja i ]" aoqj

Thereby we obtain for the linear terms, in view of Eqs. (72), (74), (58), (77),

and (49i),

A ... ( (r) A.(r)-A(a) a A _(r)a(r)' N0+ P

=%(EE i o n s i i i

ZK (r)' ar)' -)
j jo I qj (-)

A Ih
- i (Sa + B;")(Nf-u) - ihraC P (9T)

whereC (  is jth row of C

For any column matrix f- (fix' fiy' f I ) we get, in view of Rqs. (22),

(24), and (72),

jt i o an i "Ii i(f)

() (0 (98)

,(r)' C)

where Ai(f) is obtained from A r)' an given in Eq. (25) by substitution f

for 81.

For s ye should write
" • (I') ( r)* (99)

flii a
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where

(g r)' (r)' 9()(10
a 8 'B S a (ioo)

is ath column of (r)'. Eqs. (30) and (100) yield

fi (fixf1f 1yfi5 )

S-R (r_(r)' R g(r)' ( ) (r)' R) (101)

Furthermore,

i(f ) _i(f) _i(f )

xx yx zx

" r (f) 1(f) -I(f)  I(f)  (102)A i(f) Y yy ZY

-1(f) _(f) I (f )

xz yz ss

where

I )  £ (i )  R(i)B f I (f )  r BR() (103)cc 0 rio Y iY" 0 irIS

In what follows we will hoose the principal inertia axes as the axes of the

rotating coordinate system, thus obtaining

0 i (r)' I ()'
"ygza "z~yaM

I(f )  I (r)' ) (r)'za 0 (l~u

where I are those given in Eq. (58a). We now finally get froL Eqs. (99)
B

and (104)

a (105)

I (r)' (r)' Cr)' (r)')_ (r)' (r)' (r)' (r)')
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r(i.) (r)'

For small enough r, Wvhen 0(r )' is a synmetric matrix, s' obviously takes

'n the form

a' , ( Y)' (r)' (r)')( 1 .._). (106

For s we have

- (b ( h ) (07)( °ix , bjy ' iz

which leads, with due allovance for Eq. (55c), to

0 b() _b(i)-

A(r)' b M b M (r)^i(f) =  z -D Jo 3x = L mlsiA (108)1(e .(i _(1) 1A1-

where

0 a M -a M

A(r)' -oz a (109)

4) -a ) 0

Therefore, in the case under consideration,

,2(r)() EM( )A (r)'i "i(f) go Eliot i

But, in viev of Eq. (68), the lNS of Eq. (110) can be rewritten as
$!

Ig Iast (t) (111)

where

I't = q'

Hence, we finally obtain
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Wj 12 1 Npl r
Sj () E a i -'1(113)

where

- ().  (113a)

At last, as follows from Eq. (97)

=r 'S(r)' g (r)(
!sit N -K G (r)l I _A..._ ., _SpKG (r)' I a(l)

3q aq

I
But

(r) I a l(r)' ' (r) 1
qj qj(115)

Therefore, in view of Eq. (112),

aa(r)'
S_(r)'(116)

aq

where

Glq) (l ',(,)" ;'" NJ" '(lT

and Eq. (114) with due allowance for Eq. (95) takes on the form

-Spr() (118)ae Gq)"

Combining all the results obtained, we get

' Y(+-u )(M-L t) pjp

2i, a,.

- s - . E(S; + S")(M -ii ) (119)2 ', 2 a a

All the terms of Eq. (119) linear in N -U vanish when 6r(1)PO, but those

linear in P3 do not. This fact can cause difficulties in practical
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utilization of the Hamiltonian containing K', and it is more convenient to

replace the latter by an operator K", such that it does not contain the

undesirable terms and, at the same time, is connected to K' by a similarity

transformation. This transformation should make use of the Jacobian of the

initial Cartesian coordinates with respect to the new ones we have chosen,

as it takes place when passing to the normal coordinates.

9. Calculation of the Jacobian

The Jacobian of the initial Cartesian coordinates with respect to the

new ones obviously is IDI 1 / 2 , where D is the matrix given in Eq. (34). From

Eq. (3.) we Met

ME3  0 0

& o (n)Z'(r) (n)Xlr)'MA (120)

0 L(r) C(2) T

where

16 - 1(r)'m A(r)' .  (121)

Equation (120) yields,16 in view of Eqs. (55c) and (76),

fNDI - DI12 a constic(0)121TI II"--'uTI. (122)

Since we are interwsted only in the factor depending on r (i)we will deal

merely with II"- N I. To simplify this, let us consider also the inverse

matrix
0-'2 3  0 o0 '

0 0D-e * 0 C~''' -C c (123)
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It follows from D(D-c - l) = E3 n, in view of Eq. (61), that

I"-TK r -  (124)

Therefore, in view of Eqs. (122), (95), and (Tb),

IDimJI'; IDI-1ocG~r (125)

10. Calculation of K" and the Hamiltonian

In this section we will need some results concerning canonically

17,18
conjugate operators. That term is used for any operators a and b

obeying

[ab] -, c (126)

where c is a constant and E is the unit operator. Operators P3 and q3 are

canonically conjugate, c being equal to -A. Functions of canonically

conjugate operators are noncomuontative, and if there are N mutually

independent pairs of canonically conjugate operators a n ad for which

the relations

fa.b, cE;Ea&,4. b b K O (127)

where E is the unit operator, are valid, then for the operators * -

where

a f-f(+.....-we o
I_ I IN I~li I __ I t I L i L
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When applying Eq. (128) to the calculation of

K" a IG(r)'I-121C IG(r)111/2 (130)

we will need the first and second order derivatives of ,0(r)
' 11/2 with

respect to the q's. We have, in view of Eq. (112), and (il3a)

a1G(r) 1/2 = (r) 111/2spi, r)' r)' 1/2 (131)
aq F J( p - IjG (31

and, in view of the linearity of I' in the 6r(i)Is,
3 21(,(r)' 11/2 (~ / rl (~

...q - IG. 1 40 I(L)SPG I( )

+ 1 , 0 (r)'11/28 . (r)t or)I(' - I(r)11/2(1lcc C (132)
2 ) 2( 2 2 t(2

where

c fpO(r)'') G (r)I (132a)
(L) (a).

In Zq. (130) IG (r)'11/2 is a function of the 6r(i) only, whereas the

ja are functions of both the Pi and 6r (I ). But, as it is seen from Eq. (128),

we will not need the derivatives of is with respect to q , since r.

does not depend on P . On the strength of Eqs. (131) and (132), the trans-a
formation given in Eq. (130) merely adds to K' some linear terms and

functions. In particular, the linear terms resulting from Z S ,PP, are,
ai's

in view of Eqs. (128), (113), and (131),

h zli,,laea c., 3  (133)

These obviously cancel the corresponding linear terms in K'. The term

quadratic in P yields also, in view of Zq. (131),
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Vl~~~ v-i i i +_ C

From the term linear in P, we get, in viev of Eq. (131),

,, t2  t2
Es ,,, in Esc g C C(135)V. T a t tj ~J,~

L,J

We get linear terms, which are due to the term quadratic In M -m, from

In view of Eqs. (92), (Ta), and (128),

304 -- ( (M U

1 iB (137)

where

* - (MA ) : (138)

Therefore, Sq. (136) yields

T YECK s MC-U)+ r I Yas c'B ,10

aBa's J,1

; - Es£"' (14a-pet) + V2  (139)

ea

V where

a J J ,]I OU

V2 "T x .Ej IcisK1Aas C ,J
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From the same uuaciratic term we also obtain, in viev of Eqs. (128),

(132), and (137),

V (K1 K 8 + K K X 1(Cc + c)

QB j J

I Ey ajIC 1 (c c +c ) 12
a's J,z

- QBry#JaL$ta(.cc + a) (l1i2)

cz,8 jI,L

At last, terms linear in i - yield

V4 r(s + s")Ec. • (l3)
a" ,JJJ

Combining all the above results, we can finally vrite the rotation-

vibration Hamiltonian H" x IC" + V an

1 2 PPj

-4E (M V' *+ V i)

vhere

5 + S" , + 8", (14,5)

and

V 'u , + V 2 + " +V

t2 .- ( + so" )C )c

+, ,. T K " ,. ,)c. -i y eI (g + 2 1 Kt ,j¢v )). (1.6)
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Here s, a", and s" are as given in Eqs. (105), (118), and (140), respective-

ly. The rest of notation remains the same as before.

11. Discussion

The coefficients y and s in Eq. (14), as veil as V1 in it, can be

expressed explicitly as functions of Cartesian displacements of atoms in the

rotating coordinate system and do not depend on the choi,.e of internal

coordinates. Therefore, they can be calculated in a system of internal

coordinates the most appropriate for every particular case, irrespective of

vhat a system of internal coordinates could be chosen for the computation of

molecular vibrations.

No restrictions in the magnitudes of the atomic displacements have been

made in deriving the new Hamiltonian; therefore, it is exact. In contrast

with this Hamiltonian, the conventional one is valid only for small enough

atomic displacements due to the fact that they are represented as linear

combinations of normal coordinates.

The new Hamiltonian can be easily represented in the form of a

differential operator, by making use of Eqs. (91), (92), (71a), and (5).

This fact releases one from the necessity of utilizing the only computa-

tional method used by now, namely, the perturbation one, and allows one to

hope that some other methods of approximate calculation could be used more

successfully. Even if one chooses the perturbation method, the new hail-

tonian seem to be simpler for applications, since it has an explicit form

and all its coefficients can be expressed explicitly.

In application of the new rotation-vibration miltonian to the

particular case of linear molecules, if the molecular axis is chosen as the

45



z-axLs of the rotattng coordinate system, then X a 0, the R(i) and R(;) are

zeros in Eq. (30) and everywhure else, because of which T and I as well as

G(r), G(r), and r are 2 by 2 diagonal matrices vith equal diagonal elements

in each of them. The Hamiltonian as given in Eq. (.144) is thereby signifi-

cantly simplified.

I will emphasize, too, that in deriving the new Himiltonian the only

supposition that has actually been made is the existence of an equilibritun

configuration for a molecule. No Eckart's conditions1 9 proved to be necessary

anywhere in the deduction.

In the process of the derivation, the equations of 14 proved to be very

helpful. The method of calculation of the Jacobian needed (19) as well as

the method used for the similarity transformation of K' (110) may be of

particular interest too.

The following advantages of the new rotation-vibration Hamiltonian over

the conventioml one are obvious: (1) the exactness of the former, in

contrast with the approximate nature of the latter; (2) the explicit form of

the former, in contrast with the tangled form of the latter; (3) the indepen-

dence of all the terms of the former but V of the force coefficients, whereas

all the terms of the latter except V are implicit functions of those; (4) the

possibility of applying approximate calculation methods other then the pertur-

bation one to the former, wherea that is Impossible to do for the latter.

Certainly, some other advantages of the new Hamiltonian over the conven-

tional one would be revealed in practical application of the former to the

computation of various p rt cular rotation-vibration spectra. The new

rotation-vibration Hamiltenian em pro" to be of special importanee for
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computation of molecular spectra in the case of large rotation or vibration

quantum numbers, in particular, for computation of spectra of molecules near

their dissociative limits. But I do not foresee cases when the conventional

rotation-vibration Hamiltonian could have any advantage over the new one.
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